This document is divided into two main sections. Section I presents the theory of magnonic charge pumping. The main result of the section is an analytic expression for the induced voltage signal across a (Ga,Mn)As micro-bar when the magnetisation is driven resonantly by a microwave frequency current. Section II provides a detailed description of the experiment.
I. THEORY OF MAGNONIC CHARGE PUMPING
This theory section is organised as follows. Sections I A-I D present a general theory of magnonic charge pumping. Our theory is based on two fundamental symmetry principles in condensed matter physics; namely, Onsager reciprocity relations and Neumann's principle. A brief introduction to these principles is given in Section I A and applied to the theory of spin-orbit torques (SOTs) and magnonic charge pumping in Section I B. Our theory of SOTs and magnonic charge pumping expresses the two processes in terms of two second-rank tensors that depend on the magnetisation direction relative to the crystallographic axes. To simplify their tensorial forms, we perform a phenomenological expansion of the tensors in Section I C and reduce the number of independent tensor coefficients via Neumann's principle and Onsager reciprocity relations. Section I D provides a derivation of the reactive part of the magnonic charge pumping using the Kubo formalism. In Section I E, the general formalism is applied to strained (Ga,Mn)As and we derive an analytic expression for the induced voltage generated within the sample by magnetisation precession. Sections I F-I G briefly discuss the DC contribution to the charge pumping and charge pumping in the ferromagnetic heterostructure Pt/Co/AlO.
A. Reciprocity Relations and Neumann's Principle
Consider a system described by a set of thermodynamic variables {q i |i = 1, . . . , N}. A rate of changeq i in the thermodynamic variable q i is induced by the thermodynamic force f i ≡ −∂ qi F , where F (q 1 , . . . , q N ) is the free-energy of the system. In linear response, the rates of change {q i } are determined by the equationṡ
(1)
The off-diagonal terms of the response matrix L = [L ij ] describe how a thermodynamic force f j of a variable q j induces a response in another thermodynamic variable q i . The most familiar example of such an effect is the thermoelectric effect where a temperature gradient induces a current, or vice versa, that a voltage gradient induces a heat current. The two effects are referred to as reciprocal processes. In general, the linear-response coefficients of reciprocal processes are related via the Onsager reciprocity relations 1
Here, i = 1 ( i = −1) if q i is even (odd) under time reversal, H denotes an external magnetic field, and M represents any possible equilibrium magnetic order. In addition to the symmetry requirements imposed by the reciprocity relations, the symmetry of the underlying lattice structure also decreases the number of independent coefficients of the response matrix. Formally, this is expressed by Neumann's principle, which states that "any type of symmetry which is exhibited by the point group of the crystal is possessed by every physical property of the crystal". 1 Let R be a proper or improper rotation operator that is an element of the system's point group. Neumann's principle then implies that the response matrix satisfies the symmetry relations 1 L ij (H,M) = |R| ζi+ζj R ii R jj L i j (H, M).
(3)
Here,H andM are the external magnetic field H and the magnetisation M transformed by R, |R| is the determinant of R, and ζ i = 0 (ζ i = 1) if q i is a component of a vector (a pseudovector). This document is divided into two main sections. Section I presents the theory of magnonic charge pumping. The main result of the section is an analytic expression for the induced voltage signal across a (Ga,Mn)As micro-bar when the magnetisation is driven resonantly by a microwave frequency current. Section II provides a detailed description of the experiment.
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Here,H andM are the external magnetic field H and the magnetisation M transformed by R, |R| is the determinant of R, and ζ i = 0 (ζ i = 1) if q i is a component of a vector (a pseudovector) .
In what follows, we consider an itinerant ferromagnet with homogeneous magnetisation. The magnetic state is parameterised by the unit vector m = M/M s , where M s is the saturation magnetisation. The time derivativeṁ represents the response of the magnetic system and the thermodynamics force inducing the response is f m = M s H eff , where H eff is the effective field determined by the functional derivative of the magnetic free-energy functional F [M], i.e., H eff = −δF/δM. The evolution of an isolated ferromagnet is described by the Landau-Lifshitz-Gilbert (LLG) equation 2ṁ
Here, the first term describes the magnetisation torque induced by the thermodynamic force f m and the last term, which is parameterised by the Gilbert damping parameter α, describes the magnetisation damping. γ is the gyromagnetic ratio. The electric field f q = E is the thermodynamic force of the charge system. A response of the charge system is described by the out-of-equilibrium charge-current density J . The magnetisation and the charge system are odd and even under time reversal, respectively.
B. Spin-Orbit Torques and Magnonic Charge Pumping
It is well known that itinerant ferromagnets at ferromagnetic resonance pump spins into adjacent normal metal leads. 3, 4 The reciprocal effect of spin pumping is the (STT) effect, 5 in which a spin accumulation in a lead adjacent to the ferromagnet diffuses into the magnet and causes a torque on the magnetisation by transferring spin angular momentum from the spin current to the magnetisation. Recently, one has observed that unpolarised charge currents also can induce magnetisation torques via the intrinsic spin-orbit interaction (SOC), 6, 7, 9, 10 known as SOTs. The reciprocal effect to SOT is charge pumping by a precessing homogeneous magnetisation, 5 which we refer to as magnonic charge pumping. In linear response, magnonic charge pumping and SOT can be described by the matrices Λ ij (m) and η ij (m), respectively,
Here, J pump is the charge-current density generated within the sample by the precessing magnetisation, and h so is the effective SOT field generated by an applied current-density J . To lowest order in the SOC, we can relate the charge-current density to the electric field via the isotropic part, σ, of the conductivity tensor. The matrices Λ and η act on the the vector to the right and their matrix forms depend on the direction of the magnetisation relative to the crystallographic axes. The matrices vanish in the absence of SOC. The Onsager reciprocity relations and Neumann's principle lead to relationships between Λ ij and η ij and reduce the number of independent tensor coefficients. Eq. (5) determines magnonic charge pumping driven by an effective field H eff . If we disregard magnetisation damping, which yields a negligible correction proportional to the Gilbert damping parameter, the precessional motion of m induced by H eff is described by the Landau-Lifshitz (LL) equationṁ = −γm × H eff . Substituting the LL equation into Eq. (5), results in an equation for the induced current:
Here, ijk is the Levi-Civita tensor and we have expressed the effective field in terms of the thermodynamic force f m . The response matrix is L qim l = −γΛ ij jkl m k /M s . Eq. (6) describes the current-driven magnetisation dynamics. Relating the current density in Eq. (7) to the external electric field by the conductivity, Eq. (6) becomeṡ
where the response matrix is L miq l = −γσ ijk m j η kl .
The Onsager reciprocity relations in Eq.
(2) imply that L miq l (m) = −L q l mi (−m), which yield the following relationships between Λ and η:
Eq. (10) uniquely relates the magnonic charge pumping to the SOT. Thus, by measuring the magnitude and symmetry of the SOT, we can determine the magnitude and symmetry of the magnonic charge pumping. Neumann's principle determines the specific forms of the matrices Λ and η. The magnetisation is a pseudovector, i.e., it transforms asm = |R|Rm under a symmetry operation R, whereas the current density transforms as a vector, i.e.,J = RJ . Because the Levi-Civita tensor is isotropic, Eq. (3) implies that Λ and η satisfy the symmetry relations
Eqs. (11) and (12) reduce the number of independent tensor coefficients describing magnonic charge pumping and SOT, respectively. For inversion symmetric systems (i.e., the point group contains the inversion operator R ij = −δ ij , where δ ij is the Kronecker delta), Eqs. (11)-(12) lead to the relations Λ(m) = −Λ(m) and η(m) = −η(m), which imply that Λ(m) = η(m) = 0. Thus, SOTs and magnonic charge pumping in homogeneous ferromagnets require broken spatial inversion symmetry, as is well known. 5-7
C. Phenomenological Expansion
The problem of finding expressions for Λ and η that satisfy Eqs. (11)-(12) closely resembles the case of finding the magnetic free-energy that describes the magnetocrystalline energy. In both cases, the symmetry group of system generates a set of symmetry rules that the functions or tensors have to satisfy. In the case of the free energy, there are a large number of energy functions that satisfy the required symmetries imposed by the point group. However, it is common to approximate the anisotropy energy by the first harmonics of the correct symmetry. Similarly, there are several tensors that satisfy Eqs. (11)-(12), but we expect the lowest order terms in the phenomenological expansions
to give a sufficient description of many materials. In the present study, we keep the two lowest order terms written explicitly in Eqs. (13)- (14) . The induced current density and effective SOT field in Eq. (5) and Eq. (7) are then
The phenomenological expansion of the η tensor was performed in Ref. 18 to derive a general phenomenology of SOTs.
A corresponding phenomenological study of the magnonic charge pumping has not been carried out before. However, the charge pumping process has been studied using a scattering matrix formalism 5 and by a simple microscopic model. 17 The first term in Eq. (16) describes the reactive and homogeneous SOT that has been experimentally observed both in strained (Ga,Mn)As and ferromagnetic heterostructures. 6, 7, 9 The second term in Eq. (16) represents the dissipative and homogeneous SOT that recently has been reported in strained (Ga,Mn)As. 10 The tensor coefficients in Eq. (15) and Eq. (16) are related by the reciprocity relations in Eq. (10),
while the symmetry relations imposed by Neumann's principle in Eqs. (11)-(12) yield their tensorial forms via the equations
In Section I E, we apply the relationships in Eqs. (17)- (21) to derive an expression for the magnonic charge pumping in (Ga,Mn)As.
D. Reactive Charge Pumping Derived from the Kubo Formlism
Magnonic charge pumping can also be derived from the Kubo formalism. A derivation of the dissipative part in Eq. (15) requires the inclusion of spin-relaxation mechanisms in the microscopic Hamiltonian and disorder averaging of the response coefficients, 17 which is a very extensive calculation for a general band structure and beyond the scope of the present study. We therefore concentrate on the reactive part of Eq. (15) and derive a general microscopic expression for Λ (r) ij . We model the system by the following Hamiltonian:
Here, J is a vector of spin matrices, p is the momentum operator, H 0 is the spin-independent part of the Hamiltonian, the term proportional α so represents the SOC where the matrix A describes the symmetry of the SOC, and ∆ is the exchange splitting. ψ † (x) and ψ(x) are spinor valued fermionic field operators that satisfy the anticommutation
, where the indices σ label the spinor components. The matrix A = [A ij ] is determined by the point group of the system and has the same symmetry as Λ .
(23)
is the current density operator that arises from H 0 andĴ
is the anomalous current-density term induced by the SOC. We consider a ferromagnet at resonance that precesses with a small amplitude δm(t) around the equilibrium state m 0 so that m(t) ≈ m 0 + δm(t) and m 0 · δm(t) = 0. The Hamiltonian H (t) = dxψ † (x) ∆δm(t) · J/2 ψ(x) describes the perturbation due to the precessing magnetisation. In linear response, the current-density response is 19
Here, the operators are represented in the interaction picture, θ(t − t ) is the Heaviside step function and . . . 0 is the statistical average evaluated in equilibrium. In the last equality, we have used that to lowest order in the SOC only the anomalous part of the current density operator gives a contribution to the current-density response for a homogeneous ferromagnet. Substituting H (t) into Eq. (24) and expanding δm(t ) to first order in the time variations, i.e., δm(t ) = (t − t)ṁ(t), results in the current-density response
In Eq. (25), we have applied the local approximation and assumed the response coefficient K so ij to be local in
is the spin-density operator andχ is the spin-spin response function. Using that
we find the following expression for the magnonic charge pumping
where the tensor Λ (r) ij is given by
Here, m {...} returns the imaginary part of its argument. To lowest order in the SOC, we have kept only the isotropic part of m {∂ ωχij (ω → 0)} in the above expression. Eq. (29) represents a microscopic expression for the tensor Λ
ij is proportional to A ij , we easily verify that it satisfies the correct symmetry determined by Eq. (18).
E. Magnonic Charge Pumping in (Ga,Mn)As
We now apply the general theory presented in Section I A-I D to derive an expression for the magnonic charge pumping in (Ga,Mn)As. The (Ga,Mn)As layer is assumed to be grown along the crystallographic axis [001]. Because of lattice mismatch with the substrate, the (Ga,Mn)As layer is under strain. The symmetry of the strained system is described by the point group C 2v , where the reflection planes are along the crystallographic axes [110] and [110] . In what follows, the coordinate system is defined asx = [110],ŷ = [110], andẑ = [001]. We assume that the equilibrium magnetisation m 0 is aligned by an external magnetic field H 0 along the axisx m = [cos(φ m ), sin(φ m ), 0], which is contained in the xy-plane. An alternating current is applied along the axisx e = [cos(φ e ), sin(φ e ), 0] to produce a microwave SOT within the sample that resonantly drives the magnetisation. The angles φ m and φ e are measured from the x-axis. It is also convenient to define a rotated coordinate system defined byx m ,ŷ m =ẑ ×x m , andẑ m =ẑ. Thus, the axesŷ m andẑ m span the plane perpendicular to m 0 .
Stationary Solution for Precessing Magnetisation
We consider a magnetisation that precesses by a small amplitude around m 0 and approximate the magnetisation dynamics by the ansatz m(t) ≈ m 0 + δm(t), where the vector δm(t) lies in the y m z m -plane perpendicular to m 0 . The precessional motion is driven by the SOT τ so = −γm × h so (t), where h so (t) = e {h 0 exp(iωt)} is the current-induced effective field. ω is the frequency of the applied current and e {...} denotes the real value. Adding the torque τ so to the LLG equation in Eq. (4) and substituting the ansatz for the magnetisation, produce the linearised equation 9
for the magnetisation in the rotated coordinate system. The matrices Ω and Σ are defined by
Here, H 1 and H 2 are anisotropy fields defined by
where H 2|| and H 2⊥ represent the in-plane and out-of-plane uniaxial anisotropy, respectively, and H 4|| represents the in-plane biaxial anisotropy. From Eq. (30), we obtain the susceptibility tensor χ, the resonance field H res , and the resonance linewidth ∆H,
We consider a magnetic system close to resonance and expand the susceptibility tensor around the resonance field, H 0 = H res + δH. Keeping terms to linear order in δH and ∆H, we find the following simplified expression for the susceptibility tensor:
Here, Γ = 2H res + H 1 + H 2 and L sym and L asym are symmetric and antisymmetric dimensionless functions of δH, respectively, defined by
Thus, for a static external magnetic field H 0 = H res + δH and a frequency ω of the field h so , the stationary solution for the precessing magnetisation δm(t) = [m ym (t), m zm (t)] in the rotated coordinate system is
Eq. (42) represents a general solution for the magnetisation dynamics that incorporates effects of both magnetocrystalline anisotropy energy and magnetisation damping.
Invariant Tensors of the C2v Point Group
A general second-rank tensor T ij that satisfies the symmetry relations of Λ (20), when the point group is C 2v , is determined by the two independent tensor coefficients 1 
Thus, the magnonic charge pumping and the SOT in a strained (Ga,Mn)As system are described by nine independent tensor coefficients. However, in systems where the direction of the magnetisation and the applied/generated current density are in the xy-plane, we show below that only 4 independent coefficients are required to describe the dynamics. Two of these coefficients describe the reactive and dissipative processes induced by the Rashba SOC, whereas the two other parameters represent the reactive and dissipative processes induced by the Dresselhaus SOC. 
Effective SOT Field
We decompose the in-plane and out-of-plane fields into terms having Rashba and Dresselhaus symmetry by defining the phenomenological parameters η (r)
The subscripts R and D denote the Rashba and Dresselhaus terms, respectively. Substitution of the above parameters into Eqs. (45)-(46), results in the expressions
The reactive SOT in Eq. (48) was observed in Refs. 6,9 and the dissipative SOT in Eq. (49) was recently reported in Ref. 10.
Magnonic Charge Pumping
Next, we consider the internal current generated in the xy-plane from magnetisation precession. From Eq. (15) and Eqs. (43)-(44), we find
Again, we decompose into terms with Rashba and Dresselhaus symmetry by defining the phenomenological parameters Λ (r)
which result in the SOC-generated current
The terms proportional to Λ 
The SOT parameters η (r)
D are extracted from measurements of the SOT, which enable us to model magnonic charge pumping without any fitting parameters.
Induced Voltage Across the Micro-Bar
In the experiment, we measure the SOC-induced voltage V across the micro-bar. V is related to the induced electric field E = J pump /σ of Eq. (52) by a projecting of the field along the bar directionx e , asym are 90 • out-of-phase. In addition, the signals are classified according to whether they are proportional to L sym or L asym . Using Eqs. (53)-(54) to express the phenomenological magnonic charge-pumping parameters in terms of SOT parameters, we find the in-phase signals 
Here, θ is the angle between the applied current and the magnetisation, θ = φ m − φ e . The out-of-phase signals are given by
The absolute value of the induced voltage is
The parameters that determine the voltage signals in Eqs. (57)-(60) are extracted from experimental data. Therefore, there are no fitting parameters in our theory and Eqs. (57)-(60) should give a good description of both the symmetry and the magnitude of the measured signals.
F. DC Contribution to the Magnonic Charge Pumping
In the presence of magnetisation damping, Eq. (5) also yields a dc signal. The dc contribution is found by timeaveragingṁ over one oscillation period T . If we consider circular magnetisation precession with a small amplitude of A around the equilibrium state m 0 , the LLG equation results in the time-averaged expression ṁ T = m 0 α G A 2 ω 0 . Thus, unlike the ac part, the dc signal is quadratic in the amplitude and proportional to the magnetisation damping, which implies that its magnitude is orders of magnitude smaller than the ac signal.
G. Magnonic Charge Pumping in Pt/Co/AlO
In the ferromagnetic heterostructure Pt|Co|AlO x , the interfacial Rashba SOC is believed to produce a large reactive SOT. In Ref. 8 , the phenomenological parameter η (r)
R was estimated to be as large as η (r) R ∼ 3 × 10 −10 TA −1 cm 2 , which is one order of magnitude larger than the values reported for (Ga,Mn)As samples. In addition, the saturation magnetization of the Co layer is about one order magnitude larger than in (Ga,Mn)As. Thus, the magnitude of the SOC-induced effective electric field (J pump /σ), which is characterized by the parameter |Λ 
II. EXPERIMENTAL DETAILS
A. Experimental set-up
Microwave circuitry
A 18 dBm signal V in at the resonance frequency of the λ/2 micro-strip resonator (∼ 7 GHz) is split into two equal components. One reaches the LO input of a mixer. The other component is attenuated and sent through a directional coupler (PE2204-10, Pasternack enterpises) to the sample. The power reaching the sample is -16 dBm. The microwave voltage generated in the (Ga,Mn)As bar by magnonic charge pumping is transmitted via the directional coupler to a 20 dB gain amplifier (PE1522, Pasternack) and IQ-mixer (MXP-4509, Marki Microwave) together with the portion of V in that is reflected back from the sample. The mixer yields the in-phase (I) and in-quadrature (Q) components with respect to the reference at the LO input, from which we calculate the amplitude and relative phase. Since we do not accurately know the phase of the LO with respect to the current in the bar we focus our study on the amplitude ( I 2 + Q 2 ) only.
Impedance matching
The microwave voltage V ω generated within the sample by magnonic charge pumping has to be transmitted to the microwave circuitry in order to be measured and quantified. To effectively do so, the impedance mismatch between the bar (Z b ∼ 11 kΩ) and the coaxial wave-guides (Z 0 ∼ 50 Ω) must be overcome. The transmitted signal power is given by 1-Γ 2 , with Γ = Z b −Z0 Z b +Z0 , yielding just below 1%. As discussed in [13] , to overcome this problem we used a λ/2 micro-strip resonator patterned on a low-loss printed circuit board. The resonator is coupled to the coaxial cables by a 4-finger interdigitated capacitor C k and the (Ga,Mn)As bar is wire-bonded between the resonator and the ground-plane (Fig.1a) . The input impedance of the matching circuit is 
where v p is the phase velocity. At the resonance frequency ω 0 = 1 √ LC , Z is purely real and its value Z = 1 Z b ω 2 0 c 2 k can be tuned to 50 Ω by choosing an appropriate value of C k ∼ 30 fF. Moreover, when driven at its fundamental frequency, there is a node of electric field at the centre point of the resonator. This enables the simple incorporation of a bias-tee, which we find to have no observable effect on the resonator's microwave performance.
In order to assess our impedance matching, we perform microwave reflectometry. We transmit a microwave signal to the sample through the matching network and measure the amplitude of the reflected voltage, using a directional coupler to separate the incident and reflected components. In this way we find an amplitude reflection coefficient of 20 % at the resonant frequency, implying a transmission coefficient of 80 % in the case of a loss-less matching network (Fig.1b) . The matching works in both directions, so when a microwave voltage is generated within the sample by charge pumping, it can be transmitted to the coaxial cables with the same efficiency.
Modulation coil
The voltage V ω generated by charge pumping is superimposed to the reflected portion of V in , the signal transmitted to the sample to excite magnetisation precession. In order resolve V ω from the background, a 3.3 mT magnetic field B mod , modulated at a frequency of 222 Hz, is superimposed to the external field B. B mod is at the fixed direction of 45 deg from the bar and is generated by a superconducting coil manually wrapped around the variable temperature insert of our cryostat. By performing a lock-in measurement at the modulation frequency we obtain B mod dVω dB , while the background due to the reflected signal is filtered out. In order to calibrate the value of B mod with the current passed in the superconducting coil we performed spin-orbit ferromagnetic resonance (SO-FMR) 9 with and without modulation field. In Fig.1c we plot the same resonance curves in the rectified voltage V dc obtained by sweeping the external magnetic field along the [1-10] direction when a microwave current is passed in the [100] bar. The red curve is measured with the modulation-field technique and represents the derivative of the blue curve multiplied by the value of B mod . From the comparison of the two graphs we deduce B mod = 3.3 mT when a current of 2 A is passed in the superconducting coil. 
B. Spin-orbit torque components
We pass a microwave current along the (Ga,Mn)As bar to excite ferromagnetic resonance via SO-torque 9 . A rectified voltage V dc results from the product of this current with the oscillating magneto-resistance during magnetic precession. To increase the sensitivity of the measurement, we modulate the amplitude of the microwave current in the bar with a square wave and measure V dc with a lock-in technique. It is useful to mention that the lock-in reading must be multiplied by a factor of 2.2 to obtain the value of V dc . This factor takes into account that the lock-in only detects the first sine component of the square-wave input signal and that the reading is expressed in Volts RMS.
The position of the resonance in V dc , when the magnetic field is swept along different crystal directions, depends on the magnetic anisotropy of the(Ga,Mn)As bar and follows the modified kittel's formula 21 (Fig.2a) . By decomposing the resonance curves into symmetric and anti-symmetric Lorentzians, the components of the SO field h x SO , h y SO and h z SO can be directly found, as outlined in the Supplementary information of [9] :
where γ is the gyromagnetic ratio, α is the dimensionless Gilbert damping constant, H res is the resonance field, while H 1 and H 2 depend on the in-plane anisotropy field H 2 and the effective magnetisation The matching of our circuit depends on the resistance of the bar. During precession, the oscillating magnetoresistance leads to a modulation of the matching, which might induce a variation of the reflected voltage amplitude and lead to a resonance. The variation of the reflection coefficient dΓ is related to dZ b , the change of the bar's resistance, which at precession is given by
where ∆Z is the magneto-resistance coefficient, Z 0 b is the equilibrium value of the resistance and θ c is the precessional amplitude. Only the first and last terms will contribute with ω terms in the reflected voltage V r = ΓV in . These terms are dominated by the sin 2 (θ 0 ) symmetry of the anisotropic magneto-resistance and cannot explain the symmetry of the measured resonance V ω . Moreover, the contribution at precession is estimated to be of the order of 1 nV and is thus much smaller that the signal originated by charge pumping.
Microwave voltage arising from the mixing between current and magneto-resistance
Voltage components oscillating at the resonant frequency ω 0 might arise from the mixing between the microwave current passed through the bar to excite precession and the magneto-resistance. These terms, however, are non-linear with the precession amplitude and can therefore be distinguished from the charge pumping contribution. In order to demonstrate this, we can start from the expression of the magneto-resistance
where θ is the angle between the magnetisation and the bar direction. During precession, the angle θ varies with time as
where A is the precessional angle. For a small value of A (A ∼ 10 −3 rad), we can expand the expression of the magneto-resistance to the second order in A as:
by multiplying for the current Icos(ω 0 t), it can be shown that the components of the voltage oscillating at ω 0 are
The first term is also present outside the resonance. The other terms all depend on higher powers of A. The precessional amplitude depends on the SOT components and is linear with the current I. V ω0 arising from the mixing is therefore expected to have a cubic dependence on the current, rather than linear, as measured.
Inductive contribution
According to Faraday's law, if we were to observe an inductive pick-up effect at resonance, the induced voltage along the bar would be proportional to the magnetisation m y , according to the frame of reference in Fig.2 (a) of the main text. Then, m y = χh SO drive cos(θ), where χ is the magnetic susceptibility and h SO drive is the driving spin-orbit field (component of the spin-orbit field perpendicular to the magnetisation). In Fig.3 we show that the angle dependence of m y cannot account for that of V ω . The angle dependence of the detected signal fits the theory prediction of charge pumping based on both reactive and dissipative contributions, thus demonstrating its spin-orbit coupling origin. 
Spin pumping to the GaAs substrate
The ac spin current pumped from (Ga,Mn)As at precession might be converted in an alternating voltage via the inverse spin Hall effect (ISHE) in the semi-insulating GaAs substrate. However, such possible ac spin-pumping contributions are tiny and do not influence our interpretations. According to the specification of the manufacturer (Wafer Technology, Ltd.) the electron density in the nominally undoped substrate is (1 − 2)×10 7 cm −3 and the conductivity is 10 −5 Ω −1 m −1 (nine orders of magnitude lower than in the (Ga,Mn)As bar) at 300 K. With our Hall-effect setup we measure negligible background electrical conduction on either a bare substrate or on an undoped GaAs buffer layer grown in our machine. These parameters, which will be correspondingly lower at 30 K, are more than eight orders of magnitude lower than those in previously reported measurements of the spin-Hall angle in low-doped GaAs 15 . We therefore expect any contribution to microwave frequency voltage generated by our sample from the spin-pumping into GaAs to be negligibly small.
Thermal effects
We consider contributions related to heating or thermal gradients that might give rise to time-dependent thermoelectric voltages between the contacts. A static temperature gradient coupled with the precessing magnetisation will produce a time dependent anomalous Nernst signal. We do measure a time-independent contribution V AN ∝∇T × M to the anomalous Nernst effect, typically ∼ 1.5 µV , which has a symmetry consistent with an out-of-plane temperature gradient. Note that such temperature gradients are difficult to avoid in conventional experiments 11 . However, due to the relatively small in-plane cone angle (10 −4 rad), the time-dependent contribution V AN (t) ∝∇T × M(t) will be ∼0.1 nV, which is five orders of magnitude smaller than what we measure.
Another possibility is that there is a time-dependent temperature gradient, leading to a time-dependent thermoelectric voltage. Previous experiments on microscale (20 m 2.45 mm 137 nm) permalloy bars on GaAs have directly measured the time-dependent temperature due to pulsed microwave excitation 12 . In those samples it was found that the time-constant characterising sample cooling was >1s. Even considering the smaller dimensions (and therefore heat capacity) of our samples, this slow thermal relaxation implies negligible time-dependent temperature gradients, and therefore time-dependent thermoelectric voltages, in the microwave frequency regime. In our homodyne detection setup only voltages oscillating at the excitation frequency of ∼ 7 GHz are detected. Moreover, since we observe a temperature rise linear with microwave power, any time-dependent voltage generated by this means would be linear in power rather than in current, as observed in our case.
Oersted field
In a sample with structural inversion symmetry in the out-of-plane (z) direction, the Oersted field B Oe is opposite in two portions of the conduction channel that are symmetric with respect to the centre. In these two portions, therefore, the Oersted-driven magnetic precession (or the according spin-wave mode) is phase-shifted by π. The net contribution of the Oersted field to the time-independent rectification voltage, and to any time-dependent voltages, is therefore expected to cancel when averaged over the cross-section. In practise, the two different interfaces at the top and bottom surfaces of the conduction channel and the conductivity gradient might lead to different values of B Oe in two symmetric portions of the cross section, thus resulting in a net Oersted field 13 . This leads to: 1) A h y component of driving field which adds to the h y component of SOT.
The value of the current-induced h y field that we deduce from the angle dependence of the rectification voltage ( Fig.2(b) and (d) ) includes both the SOT components and any contribution from the Oersted field. This affects the evaluation of the h y contribution (field-like Rashba) component of the SOT and, therefore, in the evaluation of the corresponding component of magnonic charge pumping, which we deduce from the SOT values. We understand that the Oersted field is not the dominant contribution to h y . For example, in a previous paper 9 , we observed that the sign of h y changed as the strain in the substrate was varied between compressive and tensile, implying that h y largely originates in the electronic band structure rather than in the current distribution.
2) An alternating electric field induced along the bar, during magnetisation precession, by Faraday's law of induction. It has recently been shown in measurements of the alternating component of the inverse spin-Hall effect, which occurs during spin pumping, that a microwave voltage contribution from Faradays law is also present 14 . This alternating voltage from Faradays law would also be present in the case of broken structural inversion symmetry in our samples and is discussed further in the paragraph labelled Inductive contribution. In short, we rule it out because of a different symmetry with respect to our charge pumping signal. We consider experimental errors thus we aim to explain any discrepancy between theory and experiment in Fig.3 (a) and (b) of the manuscript.
Determining the spin-orbit torques
The error is dominated by the random errors that occur when fitting the resonances with symmetric and antisymmetric Lorentzians (∼7%). The resonances are superimposed to a background, which needs to be filtered out before the fitting. Although the background is in general non-linear, only linear terms are filtered, introducing a source of error. Moreover, the relatively low Gilbert damping in our material leads to narrow FMR resonances (≈10 mT) compared to the resolution of 1 mT allowed by our electromagnet power supplies, allowing only about 10 data points on each resonance. We note that a higher resolution of magnetic field would enable more data points and consequently reduce the magnitude of the error bars. The main error in determining the magnitude of the SOT from the experimental data (see Table below ) comes from the procedure that we use to calibrate the current density in the micro-bars by heating calibration 9 . This error in the current density is estimated to be 5% (calculated as the standard deviation of three different measurements) and leads to an equal error in h SO , deduced from equations 62 and 63. In the following table we outline the quantities used to calculate the SOT and show their estimated experimental errors.
Quantity
Estimated error Current in the bar (I) 5% Magnitude of AMR (∆R) 1% Resonance field (H res ) 0.05% Effective magnetisation (M ef f ) 2% Uniaxial anisotropy field (H 2 ) 1%
The errors in ∆R and H res represent the standard error in the fitting to the AMR curve and resonances curves respectively. The errors in M ef f and H 2 are the standard deviations of the values found for four different bars on the same wafer. Although, in order to avoid overcrowding, the error bars have not been included in Fig.2 (b) and (d) , where the fitting to equations 62 and 63 has been shown instead, this error has been propagated to evaluate the theoretical prediction of the charge pumping, as shown by the error band in Fig.4 . Furthermore, the net Oersted field discussed in the paragraph above gives an extra contribution to the driving field along the y directions, summing to h y SO , and leads to a systematic error in the evaluation of the SOT field. Since we deduce the magnitude of the charge pumping from the magnitude of the SOT field, this error is also propagated to our theoretical curves.
Determining Vω
One of the main contribution to the error arises from the fitting of the resonances with symmetric and anti-symmetric Lorentzians, as already discussed for the SOT. The main experimental error in experimentally determining V ω comes from knowing the gain of our microwave circuitry. The heating calibration procedure described in 9 allows us to estimate the total power lost between the microwave source and the sample bar. From this, we can deduce the attenuation experienced by V ω between the bar, where it is generated by charge pumping, and the measuring apparatus, with and error of 5% (by propagating the error from the heating calibration).
Additional sources of discrepancy between theory and experiment
One can observe a misalignment between the peaks of the theoretical and experimental curves, mostly evident for the [010] bar. This misalignment is also observed in the angle dependence of the SOT in Fig.2 (b) and (d) , by comparing it to the fitting obtained from equations 62 and 63, and is as large as 15 degrees. It must be noted that, in order to determine the SOT field components from equations 62 and 63, only the lowest order terms have been considered. This is a reasonable assumption, however we note that, particularly in the antidamping SOT, higher order terms are present 8, 10 . These are not treated in the present work since the lowest order terms already capture the dependence of V ω with respect to the current direction within the crystal, however the misalignment might be accounted for by introducing higher order terms in both the SOT and the charge pumping. An additional cause for this misalignment might be a dragging effect due to the fact that, at resonance, the magnetisation is not completely saturated. This is supported by the following experimental evidence. The reflection coefficient of our resonator depends on the resistance of the bar. When the magnetisation is reoriented by sweeping the external field, the magnetoresistance leads to its change, resulting in a changing background (this is clearly seen in Fig.5 (a) . Fig.5 (b) shows the amplitude of the background at 0.2 T as a function of the sweep angle. The graph is well fitted by the red line, which represents the magnetoresistance-induced change in the reflection coefficient (Γ ∼ sin(2ϑ)dϑ) when the angle ϑ of the magnetisation with respect to the bar is modulated by the modulation field B mod cos(ϑ − 45). The fact that dϑ is different from zero at 0.2 T hints at the fact that the magnetisation is not pinned to the direction of the external filed and is thus not saturated. Since the resonance field is always lower than 0.2 T, we can deduce that there will be a misalignment between the external field and the actual direction of the magnetisation. From a simple calculation based on the anisotropy constants we estimate that the misalignment between the magnetisation and the magnetic field could be as large as 50 degrees when the field is swept along the hard direction. Both the SOT components and the charge pumping are evaluated assuming a saturated magnetisation and the dragging of the magnetisation with respect to the direction of the field might lead to a misalignment between theoretical and experimental curves. 
E. Reproducibility of the results
In order to test the reproducibility of our results different samples have been measured. Although the amplitude of the effect is highly dependent on the parameters of the specific sample (SO-field components, resistance, etc.), the symmetry of the graphs shown in Fig.3 of the main text only depends on the crystal direction along which the bar is oriented. Fig.6 shows the amplitude of the voltage generated by charge pumping with respect to the direction of the external field around which magnetisation precession is excited for two different samples. Both samples have a nominal doping concentration of 6% and are oriented along the [100] bar direction. The symmetry is in agreement with that shown in Fig.3 of the main text although the two samples are from two different growths and the doping concentration is slightly lower than that discussed in the main text.
